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Abstract 

Let be the C*-algebra defined as the direct sum of all Cuntz 
algebras. Then has a non-cocommutative comultiplication /S.,^ and 
a counit e. Let 61(0*) denote the set of all closed biideals of the 
C*-bialgebra (O*, A^^, e) and let V^P) denote the power set of the set 
of all prime numbers. We show a one-to-one correspondence between 
61(0,) and V{P). Furthermore, we show that for any I in BI(0,), 
there exists a C*-subbialgebra Bx of O, such that O, ~ Bj®^, and the 
set of all such C*-subbialgebras is a lattice with respect to the natural 
operations among C*-subbialgebras, which is isomorphic to the lattice 
V{P). 

Mathematics Subject Classifications (2000). 16W30, 06B05, 11A41. 
Key words. Biideal, lattice, C*-bialgebra, prime number. 



1 Introduction 

We have studied C*-bialgebras. In this paper, we completely classify closed 
biideals of a certain C*-bialgebra by using the power set of the set of all 
prime numbers. In this section, we show our motivation, definitions of C*- 
bialgebras and main theorems. 

1.1 Motivation 

In this subsection, we roughly explain our motivation and the background 
of this study. Explicit mathematical definitions will be shown after § 11.21 
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In [10] , we constructed the C*-bialgebra defined as the direct sum of all 
Cuntz algebras except Ooo- 

a = Ci e O2 e O3 e O4 e • • • , (i.i) 

where Oi denotes the 1-dimensional C*-algebra C for convenience. The C*- 
bialgebra O^, is non-commutative and non-cocommutative. We investigated 
a Haar state, KMS states, C*-bialgebra automorphisms, C*-subbialgebras 
and a comodule-C*-algebra of O*. This study was motivated by a certain 
tensor product of representations of Cuntz algebras [9]. With respect to 
the tensor product, tensor products of irreducible representations and those 
of type III factor representations were computed [U [12]. Since there is 
no standard comultiplication of Cuntz algebras, O^, is not a deformation 
of any known cocommutative bialgebra. The C*-bialgebra O^, is a rare 
example of not only C*-bialgebra but also purely algebraic bialgebra. In 
fact, there exists a dense *-subbialgebra ^0 of such that the image of 
^0 by the comultiplication is contained in the algebraic tensor square of Aq- 
Furthermore, the construction of ^0 is unlike any known [TJ [HI [18]. Hence 
we are interested in the bialgebra structure of O*. 

On the other hand, the study of ideals of an algebra A is an important 
basis for the study of A itself [19] . In a similar fashion, the study of biideals of 
a bialgebra B will be also important for the study of B itself. Unfortunately, 
studies of biideals are few [H [U [iTl [18]. Hence it is worth to construct 
nontrivial examples of biideal of a given bialgebra and classify them. 

In this paper, we closely consider biideals of the C*-bialgebra O^^. 

1.2 C*-bialgebra (O*, A^,£:) 

In this subsection, we recall the C*-bialgebra in [10] . At first, we prepare 
terminologies about C*-bialgebra. For two C*-algebras A and B, we write 
Hom(A, B) the set of all *-homomorphisms from A to B. Assume that every 
tensor product <8> as below means the minimal C*-tensor product. A pair 
(^, A) is a (7 -bialgebra if A is a C*-algebra and A G }iom{A,M{A ® A)) 
where M(A®A) denotes the multiplier algebra of A^A such that the linear 
span of {A(a)(6 (8) c) : a,b, c € A} is norm dense in A0 A, and the following 
holds: 

(A (g) zd) o A = (id (g) A) o A. (1.2) 

We call A the comultiplication of A. About C*-bialgebras in quantum 
groups, see [HI [15]. A C*-bialgebra (^, A) is counital if there exists e G 
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Hom(^, C) such that 



(e (g) id) o A = id = {id (g) e) o A. 



(1.3) 



We call e the counit of A and write {A, A, e) as the counital C*-bialgebra 
(A, A) with the counit e. We state that a C*-bialgebra {A, A) is strictly 
proper if A(a) G A (81 A for any a € A. For two strictly proper counital C*- 
bialgebras {Ai, Ai, ei) and {A2, A2, 82), / is a strictly proper counital C*- 
bialgebra morphism from (Ai, Ai, ei) to (^2, £2) if / is *-homomorphism 
from Ai to A2 such that (/ (8) /) o Ai = A2 o / and £2 ° f = ^i- A strictly 
proper counital C*-bialgebra {Aq, Aq,£q) is a strictly proper counital C*- 
suhhialgehra of a counital strictly proper C*-bialgebra (yl,A,e) if ^0 is a 
C*-subalgebra of A such that Aq = ^\aq and eo = ^Uo)- 

A subspace X of a counital C*-bialgebra {A, A, e) is a hiideal of (j4, A, e) 
[U [18] if X is a two-sided ideal of A and 



In addition, if X is a closed subspace of A, then we call X a closed hiideal. 
From now, the equivalence of subialgebras or biideals of C*-bialgebra is de- 
fined by strictly proper counital C*-bialgebra morphisms. In this paper, we 
treat only strictly proper counital C*-bialgebras and strictly proper counital 
C * -subbialgebr as . 

Remark 1.1 (i) The notion of biideal is defined as a two-sided ideal and 
coideal [H [18] even if there is no adjective "two-sided" . 

(ii) If X is a closed two-sided ideal of a C*-algebra, then {x* : x G X} = X 
(|16j. Corollary 1.5.3). Hence a closed biideal of a C*-bialgebra is also 
closed with respect to the *-operation. 

(iii) For a strictly proper counital C*-bialgebra (^, A,e), e is not the zero 
map on A from (|1.3p . Hence A itself is not a biideal of A because 
of the second equation in (jl.4[) . Especially, {0} is a unique "trivial" 
biideal. 

(iv) For a strictly proper counital C*-bialgebra {A,A,e), if X is a closed 
biideal of A, then the quotient C*-algebra A/I is also a counital C*- 
bialgebra with respect to the pair (A, e) defined by A(x+X) = A(x)+X 
and £{x + X) = e{x) +X for x ^ A. Especially, the natural projection 
from j4 to j4/X is a *-bialgebra morphism. 



A{1) dl® A + A®1, e(X) = 0. 



(1.4) 
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(v) The notion "strictly proper" was introduced in [lOj in order to treat 
like the purely algebraic theory of bialgebras [U [8] . This condition 
is quite natural from a stand point of the purely algebraic theory, but a 
C*-bialgebra is not strictly proper and it does not have a counit in gen- 
eral, because of the motivation of the study ([S], p. 547, "Quantizing 
Locally Compact Groups"). 

Next, we introduce a C*-bialgebra. Let On denote the Cuntz algebra 
for 2 < n < oo [3J, that is, the C*-algebra which is universally gener- 
ated by generators si, . . . , s„ satisfying s*Sj = 5ijl for i, j = 1, . . . , n and 
X^iLi ^i'^i ~ ^ where / denotes the unit of On- The Cuntz algebra On is 
simple, that is, there is no nontrivial closed two-sided ideal. 

Define the C*-algebra O^, as the direct sum of the family {On '■ n G N} 
of Cuntz algebras: 

a = On = {{xn) ■ \\{xn)\\ ^ as n ^ oo} (L5) 

raeN 

where N = {1,2,3,...} and Oi denotes the 1-dimensional C*-algebra for 

(n) (n) 

convenience. For n G N, let In denote the unit of On and let s\ , . . . , s„ 
denote canonical generators of On where = Ii. For n, m G N, define the 
embedding ipn,m of Onm into On ® Cm by 

'Pn,m{s^2(i-l)+j^ = ■^i"'' ^ 4™'' = 1, • • • , ra, j = 1, . . . , m). (1.6) 



Theorem 1.2 (111 Oil . Theorem 1.1) For the set (p = {(pn,m ■ n,m N} 

in ( fO) . define A^"^ G Hom(C'„,C'* (g) O^), A^ G Hom(0*,0* ® O*) and 
e G Hom(0*,C) hy 

A^ = e{A5r^ : n G N}, (1.7) 

^?^(^)^ E '^-.'(^) (^ea, nGN), (1.8) 

(m, /)gN2, m/=n 

{0 when x G ®{On : n > 2}, 
(1.9) 
X when x G Oi. 

Then (O*, A^p, e) is a strictly proper non-cocommutative counital C* -hialgehra. 

About properties of O*, see |10J. About a generalization of O^,, see |llj . 
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1.3 C*-subbialgebras and closed biideals 

In this subsection, we consider C*-subbialgebras and closed biideals of {0^,,A.^p, e) 
in Theorem 11.21 

Let 'P(N) denote the power set of N. For S G 'P(N), define the closed 
two-sided ideal 0^{S) of the C*-algebra O* by 

0,{S) = ®{On : n a S} (5/0), a(0) = O. (1.10) 

Remark 1.3 From the simplicity of On and the definition of O^,, the set of 
all closed two-sided ideals of coincides with {0^{S) : S € V(N)}. Since 
On = Om if and only if n = m, 0^{S) = 0^{T) if and only if 5" = T. In this 
way, the classification of closed two-sided ideals of the C*-algebra is very 
clear. However, for S € 'P(N), the C*-subalgebra C*(S') in (|1.10p is neither 
a C*-subbialgebra nor a biideal of (O^,, A(^,e) in general. For example, let 
5 = {4" : n > 0}. Then we see that A^(0,(5)) ^ 0^{S) 0^{S) by 
the definition of (see ()1.14p ). Therefore neither the classification of C*- 
subbialgebras nor that of biideals of is trivial. 

A monoid is a semigroup with a unit. A suhmonoid is a nonempty 
subset of a monoid M which is closed with respect to the operation of M and 
contains the unit of M. We regard N as an abelian monoid with respect to 
the multiplication. We write this as (N, •). The first main theorem in this 
paper is given as follows. 

Theorem 1.4 Let (C)*,A^,e) he as in Theorem For any suhmonoid 
H of{N,-), define 

\m ^ ^W^H, -.neH}, (1.11) 

^%)(^)= J2 '^™.'(^) (.x^On,neH). (1.12) 

{m,l)S:H^ , ml=n 

Then (©.^(ff), A^{h) , e|c),{_f/)) a strictly proper counital C-hialgehra. 

Remark that A^(h) / A^|o^(/^) in general. Hence (©^(ff), A^(h) , e|0^(//)) 
is not a C*-subbialgebra of (0^,,A(^,e) in general. For example, H = : 
/ > 0} is a suhmonoid of (N, •) and 

\m{sf^)= h^s'f^ + s'f^^h, (1.13) 
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Since A^(h) / A^\ci,(h) in this case, {0^{H), A^(H),e\o,{H)) is not a C*- 
subbialgebra of (O*, A^,e). 

We consider a sufficient condition that 0^{S) is a C*-subbialgebra of 
{O^, A^,e). For this purpose, we introduce several notions of monoid ac- 
cording to [3 [H] . For a nonempty subset 5 of a monoid M , we state that S 
is proper if / M; 5 is a subsemigroup if ab £ S when a,b € S; S is factorial 
if 5 7^ M and a, 6 G 5" when a,b € M and ab € S; S is prime if S 7^ M and 
a G 5* or 6 G 5 when a, 6 G M and ab £ S; S is an idea/ if aS", Sa C S for 
any a G M where aS" = {as : s £ S} and 5a = {sa : s G 5}. Then we can 
state the next main theorem as follows. 

Theorem 1.5 Let (O^,, A^,e) be as in Theorem 

(i) For a subspace Z of Ot,, 1 is a closed biideal of (O*, A^, e) if and only 
^/ 

(a) 1 = {0}, or 

(b) there exists a prime ideal a of (N, •) such that X = 0^{a). 

(ii) For any closed biideal 2 of (O^,, A^,e), there exists a C* -subbialgebra 

of {O^, A^,e) such that the quotient C* -bialgebra O^jX is isomor- 
phic to Bx and the following decomposition holds: 

0, = Bi®X (1.15) 

where ® means the direct sum of two C* -subalgebras. 

From Theorem ll.5( i) and (jl.lOp , for two closed biideals Xi and X2 of , if 
Xi ^ X2, then Xi and X2 are not isomorphic as closed two-sided ideals of O*. 
Hence Xi and X2 are not isomorphic as closed biideals of if Xi 7^ X2 . 
From Theorem II. 5f i) and p.lOp . the following holds. 

Corollary 1.6 Let SpecN denote the set of all prime ideals o/(N, •). Define 
SpecN = SpecN U {0} and let BI(0^,) denote the set of all closed biideals of 
. Then the following isomorphism between two ordered sets holds: 

SpecN 9 X I — ^ 0*(x) G BI(0,) (1.16) 

where the order of both SpecN and 61(0*) is taken as the inclusion of sub- 
sets. 

Remark that the unique maximal prime ideal of N is N \ {1} and any 
minimal one is pN for a prime number p. The minimal element in SpecN is 
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"0." On the other hand, the unique minimal element in 61(0*) is {0} and 
the unique maximal one is 0„>2 C'n- 

In order to classify closed biideals of O* in § 11.41 we prepare the fol- 
lowing fact. 

Fact 1.7 Let M be a monoid. For a subset S of M, S is a factorial sub- 
monoid if and only if S'^ = {x £ M : x ^ S} is a prime ideal. 

1.4 Lattice of C*-subbialgebras 

In this subsection, we show the biideal structure of at great length. From 
Theorem 11.5( 1) and Fact 11.71 the classification of all nonzero closed biideals 
of (C'*,A(^,e) is equivalent to that of all factorial submonoids of (N,-). 
In this subsection, we classify factorial submonoids of N and consider a 
correspondence between nonzero closed biideals of O* and prime ideals of 



Let P,'P(P) and JF5(N) denote the set of all prime numbers, the 
power set of P and the set of all factorial submonoids of N, respectively. 
For F £ P(P), if F / 0, define [F] the submonoid of (N, •) generated by F, 
that is, the smallest submonoid containing F, and define [0] = {1}. Since 
N is isomorphic to the free abelian monoid generated by P, is a factorial 
submonoid of N if and only if there exists F E 'P(P)\{P} such that H = [F]. 
Define two operations V and A on J^5(N) = TS^N) U {N} by 



HVG=[HUG], HAG = HnG {G,H eTS(N)). (1.17) 



Then the following one-to-one correspondence between the lattice (■p(P), U, fl) 
and {TS(N), V, A) is a lattice isomorphism O [6]: 



For F G V{F) \ {P}, [F]^ € SpecN by FactO For F G V{F), define 
the C*-subbialgebra A{F) and the closed biideal I{F) of O* by 



N. 



r{P) 3 F^ 



[F] G TS{N). 



(1.18) 



A{F)^0,{[F]), I{F)^0,{[Ff). 



(1.19) 



By definition, the following holds for F,G G 'P(P): 



A{F) C A{G) when F cG, 



(1.20) 



A{F) = A{G) if and only \iF = G. 



(1.21) 
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Then (jl.lSp is concretely written as follows: 



a = ^(F)eJ(F) 



(FGP(P)). 



(1.22) 



Define operations V, A on the family T 



{A(F) : F G T'(P)} by 



B\JC = C*{BUC) 



BAC=BnC 



(1.23) 



for B,C & where C*{X) denotes the C*-subalgebra of O* generated by a 
subset X of O*. Then {J^, V, A) is a lattice. 

Theorem 1.8 (i) For a subspace J of O.^, J is a closed biideal of{0^, A^, e) 
if and only if there exists F E 'P(P) such that J = I{F). 

(ii) The lattice {A{F) : F G ViY*)} is isomorphic to the lattice V(P). 
Furthermore, A{F) = A{G) if and only if F = G. 

From (jl.lOp and Theorem 11.81 we obtain the following one-to-one cor- 
respondences: 

■p(N) <^ the set of all closed two-sided ideals of the C*-algebra O*, 

U U 

^(P) <^ the set of all closed biideals of the C*-bialgebra O*. 

Especially, the following anti-isomorphism between two ordered sets holds: 



where BI(0*) is as in Corollary 11.61 

Remark 1.9 Theorem 11.81 is derived from not only the direct sum in p.5|) 
but also definitions of the special comultiplication in (jl.7p and (pn,m 
in (11. 6p . From (II. 8p . we see that the operation A;^ corresponds to the 
factorization of a natural number to two factors in all instances. 

As a relation between lattices and operator algebras, a lattice of von Neu- 
mann algebras is considered in [2]. 

In § [21 we will show a general theory of construction of C*-bialgebra 
from a family of C*-algebras and *-homomorphisms. In § 12.31 main theorems 
are proved. 

2 Proofs of main theorems 

In this section, we prove main theorems in § [TJ 



r{P) 9 F 



1{F) G BI(a) 



(1.24) 
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2.1 C*-weakly coassociative system 

In order to prove main theorems in § [TJ we show general statements about 
C*-subialgebras and biideals. We review C*-weakly coassociative system in 
§ 3 of [lU]. 

Definition 2.1 Let M be a monoid with the unit e. A data {{Aa : a G 
M},{v3a,fe ■ a,b & M}) is a C*-weakly coassociative system (= C*-WCS) 
over M if Aa is a unital (T -algebra for a S M and ipa^b is a unital *- 
homomorphism from Aab to Aa ^ Ai, for a, 6 G M such that 

(i) for all a,b,c M, the following holds: 

{ida ipb,c) ° ^a,bc = iVa,b ^ idc) ° ^ab,c (2-1) 

where idx denotes the identity map on A^ for x = a,c, 

(ii) there exists a counit of A^, such that {Ae,<^e,eT^e) is a counital C*- 
bialgebra, 

(iii) ipe,a{x) = le® X and ipa,e{x) = X le for X € Aa and a e M. 

The system {{On : n G N}, {ipn,m ■.n,me N}) in ([L6]) is a C*-WCS. As for 
the other example of C*-WCS, see § 1.3 of [llj. 

Theorem 2.2 (IWI. Theorem 3.1) Let {{Aa : a G U},{ipa,b : a,b e M}) be 
a C*-WCS over a monoid M. Assume that M satisfies that 

#A^a < oo for each a G M (2.2) 

where Ma = {(6, c) G M x M : bc = a}. Then there exists a comultiplication 
and a counit e of the C* -algebra 

A, = ®{Aa : a G M} (2.3) 

such that {A^, Aip,e) is a strictly proper counital C* -bialgebra. 

We call (yl*, A^,e) in Theorem 12.21 bv a (counital) -bialgebra associated 
with {{Aa : a G M}, {^a,h : a,b e M}). 
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2.2 C*-bialgebra associated with submonoid 

In this subsection, we show general results for C*-subbialgebras and biideals 
of the C*-bialgebra in § [2Jl Let {{Aa : a G M},{ipa,b : a,b £ M}) be a 
C*-WCS over a monoid M. For a subset S" of M, define 

A,{S) = ®{Aa : a e S} (5/0), ^,(0) = O. (2.4) 

Then A^{S) is a closed two-sided ideal of the C*-algebra A^ in (j2.3p . 

We consider the condition (jl.4p with respect to ^4*. If is a submonoid 
M, then {{Aa : a € H},{ipa,b : a,b e H}) is also a C*-WCS over H. If M 
satisfies (I2.2p . then we can define 

^,(F) =e{^a :aGF}, A^(ff) = e{Aj;(l,) : a G F}, (2.5) 

^%)(.^)^ E (^evla, aG/7) (2.6) 

where Ma{H) = {(6, c) G //^ : 6c = a}. Then A^(//) is a closed two-sided 
ideal of the C*-algebra A^ and (74^(7?), A^{h) , e|^^(/^)) is a counital C*- 
bialgebra but A^(h) 7^ A(^[^^(j|^) in general. Recall notions about monoid 
before Theorem 11.51 

Lemma 2.3 (i) For a submonoid H o/M, A^,{H) is a (7 -subbialgebra of 
A^ if and only if H is factorial or H = M . 

(ii) IfH is a prime ideal o/M, then A^:{H) is a closed hiideal o/(A^,, A^, e). 

Proof, (i) We see that A^{H) = A^^ if and only if F = M. If F is factorial, 
then A^{H) is a C*-subbialgebra of A,, from (j2.6p . Assume that A^,{H) is a 
C*-subbialgebra of A^ but A*(i?) / A^,. From this, F / M. For n G -ff , let 
/„ denote the unit of An- Then 

A^(/„) = AW(/„) = ^mAln)= Yl (2.7) 

By assumption, 

5^ G A^(^,(//)) C A,(//)®^*(F) = A^.®A^n. {2.S) 

{m,l)Gj\f„ n',n"eH 

By multiplying ® at both sides of ^M>, Im® k ^ ®n\n" aH ^rn\' ® 
IlA^// . Hence both m and I must belong to H because laAi, = {0} when 
a ^ b. Therefore H is factorial. 
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(ii) It is sufficient to show that A^{H) satisfies (jl.4p with respect to (vl*, A<^, e) 
For n ^ H and x £ An, 

A^{x) = A<^^\x) = Yl VrnA^)- (2-9) 

If {m,l) G A/"n, then m G H or I & H. Therefore (pm,i{x) E (8) ^4* + 

^* (g) A^{H). This imphes that A<^(x) e ^*(-H') A* + yl* (g) Since 

H is a prime ideal of M, the unit e of M does not belong to H. Therefore 

e{A:^{H)) = 0. Hence the statement holds. I 

By definition, the following holds. 

Fact 2.4 For a subset HofM, let denote {x e M : x ^ H}. Then the 
following holds: 

(i) H is a proper subsemigroup if and only if H'^ is a prime subset. 

(ii) H is a proper ideal if and only if H'^ is factorial. 

Proof, (i) Assume that H is a proper subsemigroup. Then H'^ ^ 0, and 
if a, 6 € M and a,b G H, then ab G H. Therefore a ^ H or b ^ H when 
ab ^ H. This implies that a G H'^ or 6 G when ab G H^. Therefore 
is prime. 

Assume that H"^ is prime. Then H ^ %. For a, & G M, if a& ^ i?, then 
ab G H'^. Since is prime, a G H"^ or 6 G H"^. Hence a ^ H or b ^ H. 
From contraposition, if a, 6 G H, then ab G H. Since H'^ ^ 0, Therefore H 
is a proper subsemigroup. 

(ii) Assume that H is a proper ideal. Then H'^ ^ 0. For a, 6 G M, if a6 G i^^, 
then ab H. Since H is an ideal, a,b ^ H. Hence a,b H'^. Therefore 
is factorial. 

Assume that is factorial. Then H ^ %. For a,b M, ii a € H, then 
a H^. In addition, if ab G H^, then a must belong to H'^ because is 
factorial. Hence ab H'^. This implies that ab G H. In the same way, if 
b H, then ab G -ff. Hence H is an ideal. Since H'^ ^ H is proper. | 

Proposition 2.5 Let {{Aa : a G M},!^?^^?, : a,b G M}) 6e as in Theorem 
\2.S\ In addition, assume that Aa is simple for each a G M . 

(i) For a subspace Z of A^, I is a closed biideal of {A^, A^, e) if and only 
^f 
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(a) I = {0}, or 

(h) there exists a prime ideal a o/ M such that T = A^,(a). 

(ii) For any closed hiidealZ 0/ (A*, A<^, e), there exists a (T -suhhialgehra 
Bj 0/ (j4=k, A^, e) such that the quotient C*-hialgehra A^/Z is isomor- 
phic to Bx and the following decomposition holds: 

A, = Bjel (2.10) 

where ® means the direct sum of two C* -suhalgehras. 

Proof, (i) We see that {0} is a closed biideal of A^. Assume that X is a 
nonzero closed biideal of (A,,, A^,e). Since X is a nonzero closed two-sided 
ideal of A^ and Aa is simple for each a G M, we see that there exists a 
nonempty subset S of M such that X = At,{S). Let n G S. From the 
assumption (II. 4p and (12. 7p . 

Im'^h = A^{In) eI(^A^ + A^(g)I = A^>0A^ + A^(S) A^». 

{m,l)eJ\f„ n'eS n"eS 

(2.11) 

By multiplying Im ^ h at both sides of (12.111) . 

/m O G IraA^' A + O kA^" ■ (2.12) 
n'G5 n"eS 

If m 5 in (|2T^ . then S^'g^/m^^' A = {0} and O e O 
®n" es -^^^n" • Hence I must belong to S. By the same token, if / 5 in 
(j2.12p . then m belongs to S. This implies that if n = ml, then m G S" or 
/ S S. Therefore S is prime. If S" = M, then S is an ideal of M. If S 7^ M, 
then is a subsemigroup of M from Fact I2.4l fi). From the assumption 
(jl.4p . s{A^{S)) = 0. Hence the unit e does not belong to S. Therefore 
is a submonoid of M. Since X is a closed biideal of A*, j4*/X = j4*/A^,(S') 
is isomorphic to j4*(S''^) as a C*-bialgebra such that the natural projection 
from A^: to yl*/X is a C*-bialgebra morphism. This implies that A^{S'^) is a 
C*-subbialgebra of From Lemma l2.3r i). S'^ is factorial. Therefore is 
a factorial submonoid of M . From Fact 11.71 is a prime ideal of M . 

The inverse statement holds from Lemma l2.3r ii). 
(ii) In the proof of (i), let Bj = A^{S'^). Then the statement holds. | 

From Proposition I2.5( i) and (12. 4p . the following holds. 
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Corollary 2.6 Let and M he as in Proposition \2.5[ Let SpecM denote 
the set of all prime ideals of the monoid M . Define SpecM = SpecM U {0} 
and let BI(yl^,) denote the set of all closed biideals of A^,. Then the following 
isomorphism between two ordered sets holds: 

SpecM 9 X I — > A^{x) eBl{A^) (2.13) 

where the order of both SpecM and BI(^*) is taken as the inclusion of sub- 
sets. 

Proof If X = 0, then A*(0) = {0} by ([23]). If x / 0, then the map 
X I— >■ A^(x) is bijective from SpecM to BI(^*) \ {{0}} from Proposition 
I2.5l fi)-(a). The order structure follows from ()2.4|) . | 

Remark that we do not assume that M is abelian in this subsection. 

2.3 Proofs of main theorems 

In this subsection, we prove main theorems. 

Proof of Theorem \1.4\ Applying Theorem 12.21 for M = H and An = On 
with n H, the statement holds. I 

Proof of Theorem \1.5[ Applying Proposition 12.51 for M = N and An = On 
with n G N, the statement holds. I 

Proof of Corollary \1.6l Applying Corollary 12.61 for M = N and An = On 
with n € N, the statement holds. I 

Proof of Fact [777| From Fact 12.41 the statement holds. | 

Proof of Theorem \1.8l (i) The proof is already given in statements be- 
fore Theorem 11.81 We summarize them again as follows. Let J' he a 
nonzero closed biideal of O^,. From Theorem ll.Sf i). this is equivalent that 
there exists a prime ideal a of N such that J' = 0^{a). From Fact 11.71 
this is equivalent that there exists a factorial submonoid iif of N such that 
J = O^H"). From (fTTS]) . this is equivalent that there exists F G P(P) 
such that J = 0*([F]^) = I{F). 

(ii) It is sufficient to show 'P(P) 3 F ^(-^) is a lattice isomorphism. For 
this purpose, we show the following statements: 

(a) ^(0) = Oi, ^(p) = a. 
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(b) For F,G G V(P), A{F) n A{G) = A{F n G) and A{F) V A{G) = 
A{FUG). 

(c) For F,Ge V(P), A{F) ^ A{G) if and only if F = G. 

From [P] = N, [0] = {1} and (fTTO]) . the statement (a) follows. For 

F,Ger{P), 

A{F)nAiG) = 0,{[F])nO,{[G]) = 0,{[F]n[G]) = 0,{[FnG]) = A{FnG). 

(2.14) 

By the same token, A{F) V A{G) = A{F U G). By using these and (i), 
other statements of (b) follow. For F,G £ V(P), A{F) ^ A{G) if and only 
if 0^{[F]) ^ 0^{[G]). This is equivalent to [F] = [G] from the statement 
after (jl.lOp . Since N is the free abelian semigroup generated by P, this is 
equivalent to F = G. Hence (c) holds. I 
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